In this paper, based on the effective intermolecular potential with well separated density and configuration contributions and the definition of the isothermal bulk modulus, we derive two similar equations of state dedicated to describe volumetric data of supercooled liquids studied in the extremely wide pressure range We successfully verify these equations of state by using data obtained from molecular dynamics simulations of the Kob-Andersen binary Lennard-Jones liquid. As a very important result, we find that the one-parameter density function h(ρ) analytically formulated in the case of this prototypical model of supercooled liquid, which implies the one-parameter density function γ(ρ), is able to scale the structural relaxation times with the value of this function parameter determined by fitting the volumetric simulation data to the equations of state. We also show that these equations of state properly describe the pressure dependences of the isothermal bulk modulus and the configurational isothermal bulk modulus in the extremely wide pressure range investigated by the computer simulations. Moreover, we discuss the possible forms of the density functions h(ρ) and γ(ρ) for real glass formers, which are suggested to be different from those valid for the model of supercooled liquid based on the Lennard-Jones intermolecular potential.
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I. INTRODUCTION
In the last decade, our understanding of the glass transition and related phenomena has been considerably enhanced by making the observation that values of dynamic quantities such as structural relaxation time τ and viscosity η collected for many systems near the glass transition in various conditions of temperature T and density ( ) with only one parameter γ, which is characteristic of a given material independent of thermodynamic conditions. 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15 This scaling rule established phenomenologically has been also subjected to intensive theoretical and simulation studies, 16, 17, 18, 19, 20, 21, 22, 23 2 which have led to a rather general conclusion that an effective short-range potential, ( ) ( , and A t is some small constant or linear attractive background), underlies the T / γ ρ -scaling of the molecular dynamics near the glass transition. As a reference for the systems that complies with the power law density scaling rule at least to a good approximation, Dyre's group introduced a concept of strongly correlating liquids, which are defined by a strong linear correlation between isochoric equilibrium fluctuations of virial W and potential energy U with the correlation slope that corresponds to the scaling exponent γ, assuming that the WU correlation is strong if the correlation coefficient 9 . 0 > R . 18, 19, 20 The simple and tempting theoretical grounds for the power law density scaling caused that this pattern of scaling has become a prominent trend in the investigations of glass formers. Nevertheless, already in the early reports on this matter, 4, 17, 24, 25 a general form of the density scaling function has been considered, according to which, for instance, the structural relaxation time can obey the following scaling equation (1) where the only density dependent function ( ) ρ h is not limited to the power function γ ρ . Thorough analyses of molecular dynamics (MD) simulation data confirmed 19, 22, 23, 26 that the scaling exponent γ is not constant and can depend at least on density even in simple models based on the Lennard-Jones (LJ) potential such as the KobAndersen binary Lennard-Jones (KABLJ) mixtures. 27 It has been realized that the pure power law density scaling is valid only for potentials with a single IPL term, however, a hidden scale invariance of molecular dynamics characterized by more complex potentials can be revealed by using reduced units 23, 28, 29, 30 (e.g. the structural relaxation time in the reduced units, 
V N / ≡
, where N is the particle number and V is the system volume) ranges from 1.2 to 1.6, but it is not possible if ρ varies from 1.2 to 2.0). 31 The general pattern of the density scaling (Eq. (1)) can be better understood within the theory of isomorphs recently formulated by Dyre's group. 29, 32, 33 
, where the constant 12 C depends only on the state points ( ) , which assumes that the scaling exponent γ can depend on density ρ based on Eq. (2). It should be noted that the scaling exponent argued to be dependent on density well corresponds to the density dependent slope of the WU correlation established from MD simulations in the KABLJ model. This result of simulation experiments can be well grounded and generalized within the theory of isomorphs, which enables to prove 34 that strongly correlating systems in general obey the configurational Grüneisen equation of state 35, 36, 37 ( ) ( )
Although a general discussion on thermodynamics of condensed matter with strong pressure-energy correlations has been already done, involving Eq. (3) 34 
which should be validated at const = τ if we analyze the density scaling of structural relaxation times in terms of Eq. (1) where τ should be also replaced with τ~. 31, 34 In this paper, we derive an EOS, which can be considered as an approximate PVT representation of the configurational Grüneisen EOS (Eq. (3)) for systems that meet the general density scaling criterion (Eq. (4)). We test a version of the EOS for the LJ potential using PVT data from our MD simulations in the KABLJ model and discuss a possible form of the EOS for real glass formers measured in the extremely wide pressure range that corresponds to the wide density range, in which the density scaling law given by Eq. (1) 
II. EQUATION OF STATE FOR PVT DATA OF STRONGLY CORRELATING LIQUIDS
A few years ago, we suggested an equation of state derived in the power law density scaling regime first in its isothermal form, 38, 39 which has been later generalized 40 to describe PVT in a convenient way not limited only to any constant temperature condition, 
, which is established at the reference temperature T 0 and pressure p 0 using the system molar mass M and the gas constant R. We determined 26, 38, 39, 40 (5) and (6) in the case of the simple models based on the Lennard-Jones intermolecular potential. 26 It is worth noting that very recently we have also derived 41 a similar equation of state for the activation volume in an analogous way to that employed in the derivation of Eq. (6), but using the definition of the isothermal bulk modulus for the activation volume.
The already mentioned recent investigations 31, 34 of the generalized density scaling within the framework of the theory of isomorphs have induced us to find the counterparts of Eqs. (5) and (6) 
which is assumed to well separate density and configuration contributions ( ( ) 
The physical meaning of the temperature dependent parameter ( )
T B
can be found by using the generalized density scaling exponent given by Eq. (2). In the isothermal conditions, density is an only pressure function 
, and the related particular solution of Eq. (10),
, which can be approximated by the following density scaling function
using the first order Taylor series expansion about
Eq. (9) (13) It should be noted that Eqs. (10) and (11) are also valid after replacing its configurational quantities with their nonconfigurational counterparts. In this way, we can formulate another EOS, which is morphologically very similar to Eq. (13),
If Eqs. (13) and (14) are considered in the case of the power law density scaling, i.e., if ( ) (13) and (14) can be reduced to Eqs. (5) and (6), respectively. We have reported 39, 40 that the important prediction made by Eqs. (5) and (6) (13) and (14) (5) and (6), respectively. Differentiating the equations of state Eqs. (13) and (14) with respect to ρ ln and exploiting Eq. . However, in general, Eqs. (15) and (16) 
III. TEST OF THE EOS BY USING A PROTOTYPICAL MODEL OF SUPERCOOLED LIQUID
In Section II, we have derived two morphologically similar equations of state, which are based on the assumption that the scaling exponent can be a function ( ) ρ γ , dependent only on density and related by Eq. (2) and the theory of isomorphs to a density scaling function ( ) (19) has been argued 31, 34 for the KABLJ model based on the LJ potential with the exponents of the repulsive and attractive terms equal to 12 and 6, respectively. Then, Eq. (2) implies the related density function for the scaling exponent
Thus, Eqs. (13) and (14) (14) is expected to enable to scale the structural relaxation times according to Eq. (1). The suggested property is of great importance to the proper linkage between dynamics and thermodynamics near the glass transition, which is still under investigation. Therefore, besides the standard test for a good approximation of the PVT data by Eqs. (13) and (14), we also verify whether these EOS meet this important criterion or not.
To perform the test we exploit our MD simulation data collected from the equilibrium simulation of 1000 particles in the KABLJ model in the NVT ensemble. Some of the used isotherms of structural relaxation times and PVT data (at T=0.5, 0.75, 1.0, 1.5, 2.0, 2.5, 3.0 in the LJ units) have been earlier reported. 26 However, the related particle number density range, ) at the wave vector q of the first peak of the AA structure factor particles at each simulation state (T,ρ) separately, where A denotes the particle specie that constitutes 80% of the particle content of the binary mixture. As can be seen in Fig. 1 , there are only small differences in τ in the LJ units ( Fig.   1(a) ) and τ in the reduced units ( Fig. 1(b) ) suggested by the theory of isomorphs. However, we perform the further analysis for the KABLJ model in the reduced units to meet the requirements of the theory of isomorphs. In this context, it should be noted that the quotient character of Eqs. (13) and (14) allows us to apply these EOS to describe PVT data in the usual LJ units. given by Eqs. (19) and (20) have only one shared parameter c, which means that the number of fitting parameters in the generalized density scaling isothermal EOS given by Eqs. (13) and (14) does not increase in comparison with their power law density scaling counterparts represented by the isothermal versions of Eqs. (5) and (6) (13) and (14)) with the density functions Eqs. (19) and (20) as well as to scale structural relaxation times according to Eq. (1).
Nevertheless, the plots of PVT data in the KABLJ model with their fitting curves to Eqs. (13) and (14) are shown (see Fig. 2 ) as pressure functions of non-reduced density for convenience of reading the figures. (17) and (18) (5) and (6) (18) with the values of their paramaters found by fitting the PVT data (see Fig. 2 ) respectively to Eqs. (13) and (14) 
IV. THE SUGGESTED FORM OF THE EOS FOR PVT DATA OF REAL GLASS FORMERS
Very recently, another density scaling function ( ) if density tends to unity. Taking into consideration the successful description of the deviation from the power law density scaling in the case of supercooled van der Waals liquids measured in a wide pressure range (i.e., in a wide density range), which is possible by using Eq.
(21), 31 we postulate that Eqs. (21) and (22) cause the equations of state (Eqs. (13) and (14)) to properly describe PVT data of real glass formers, the molecular dynamics of which obeys the generalized density scaling law (Eq.
(1)), because these EOS are derived herein also in the density scaling regime not limited to the power law density scaling.
Unfortunately, in contrast to the KABLJ model successfully used to verify the derived EOS with the functions ( ) ρ h and ( ) ρ γ given by Eqs. (19) and (20), a reliable test of Eqs. (13) and (14) (21) and (22) can be only done indirectly due to the high pressure limit of PVT measurements, which usually do not exceed 200MPa. Although an exception is made by the PVT experimental data of a few glass formers measured up to 700MPa, 8 the very recent ultra-high pressure dielectric and ultrasonic measurements of propylene carbonate (PC) up to 4.2GPa and 1.7GPa, respectively, show 45 that the pressure dependence of the isothermal bulk modulus determined from the ultrasonic measurements within the pressure range from 0.1MPa to about 1GPa at T=295K, which is above the glass transition temperature of PC, cannot be satisfactorily described in the low pressure limit by using the equation of state based on the Tait found from the ultrasonic data, but these dependences begin to diverge with increasing pressure. In this situation, Eqs. (13) and (14) (21) and (22) seem to be a good alternative to properly describe PVT data in the ultra-high pressure limit. A preliminary test for the validity of these EOS can be based on the description of the pressure dependence of the isothermal bulk modulus of PC at T=295K, which has been reported in Fig. 8(a . Each fitting curve is extrapolated up to p=4GPa.
As a result, we find that the high pressure extrapolation based on the quadratic parameterization of (5) and (6) . Then, one could establish the temperature-density dependence of structural relaxation times and make an attempt at scaling them according to Eq. (1). However, to make such an analysis more reliable, the found values of the parameters C 1 and C 2 should be prior verified by using the ultra-high pressure experimental PVT data or at least a larger dataset of the pressure dependences of the isothermal bulk modulus measured from ambient pressure to the highest pressure as possible (preferably p>1GPa) at different temperatures within the explored temperature range.
Finally, it is interesting to discuss the ultra-high pressure prediction of the dependence ( ) 
V. SUMMARY AND CONCLUSIONS
We have generalized two equations of state (Eqs. (5) and (6)) earlier discussed 26, 38, 39, 40 in the power law density scaling regime to describe PVT data of supercooled liquids, the molecular dynamics of which obeys the density scaling law not limited to the power law density scaling. The generalization about Eq. (5) is Eq. (13) derived by using the effective intermolecular potential (Eq. (7)) with well-separated density and configuration contributions as well as the general relation (Eq. (2) EOS is meaningful, because it confirms the validity of the derived equations of state in the generalized density scaling regime. This scaling has also revealed a peculiar behavior of the longest structural relaxation times, which seem to increase considerably slower than the shorter relaxation times do. However, this observation requires verifying by extremely time-consuming MD simulations, the results of which would be able to exceed as much as possible the structural relaxation times currently reached.
Based on the generalized equations of state given by Eqs. (13) and (14), we have arrived at the pressure dependences of the configurational isothermal bulk modulus (Eq. (17)) and the isothermal bulk modulus (Eq. (18)), which can be in general nonlinear. The very good quality of the fits of the PVT data in the KABLJ model to Eqs. (13) and (14) We have suggested to employ Eqs. (21) and (22) In the case of real glass formers, the derived equations of state require further studying by using experimental volumetric data in the sufficiently wide pressure range, which are expected to be measured in the future. Then, if the structural relaxation or viscosity data are also accessible in the extremely wide pressure range, the functions ( ) ρ h and ( ) ρ γ suggested by Eqs. (22) and (23) can be even changed. Nevertheless, these EOS given by Eqs. (13) and (14) are proper and convenient templates for further ultra-high pressure investigations of volumetric properties of the materials approaching the glass transition, especially if their molecular dynamics obeys the generalized density scaling law given by Eq. (1).
